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ABSTRACT

The basic difficulty in optimizing the noise performance of receiving

systems which must use an electrically small antenna is the lack of a com-

plete noise theory for a reactive source. This report La. attempted to

add to this theory in three areas:

First, the various types of small antennas have 4been put on a common

basis of comparison, The parameters of effective length, effective ared,

effective volume, and intrinsic bandwidth have been defined for antennas

sensitive to electric fields and for those sensitive to magnetic fields.
These parameters haoý - evaluated for a number of common antenna

structures.

" "Second, a general method of describing the noise performance of any

amplifier hwa;- t  developed in both of its dual forms. This particular

characterization, based on complex-correlated input noise voltage and

current generators, was chosen out of many possibilities because it is
easily applied to the problem of determining noise performance with an

arbitrary source. These noise parameters he-..ben evaluated for several

types of amplifying devices.

Third, the ultimate theoretical limits on sensitivity h84e been ex-
plored, and a general method of determining the bounds, in terms of the

t parameters introduced in the previous sections, has-b6en developed. These
bounds haýiLe..en evaluated in several examples.
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1. INTRODUCTION

The continual demand for better communications, detection systems,

low-noise amplifiers, and related applications has prompted a good deal

of research into the causes and effects of noise in physical devices.

This is particularly true in the field of electronics, where inherent

device noise sets fundamental limits to the system performance that can

be obtained. As a result, the sources of noise arc well understood, and

they have been thoroughly treated by such authors as van der Ziel [1954),*

and the general theory of networks containing noise sources has been well

developed by such authors as Haus and Adler [1959).

The purpose of this investigation has been to extend and apply these

theories to the description and optimization of the performance of VLF

receiving systems. This subject, and in fact the entire more general

problem of noise performance with source impedances that are inherently

reactive or cannot be transformed to the optimum impedance, has apparently

received little attention in the literature. This report, therefore,

undertakes the description of the properties of antennas pertinent to the

subject, the development of a complete noise characterization of the

amplifying devices generally used, and the analysis and comparison of

performances of various systems. Although some of the expressions derived

are of a very general nature, no attempt has been made to apply them except

to the case at hand.

I.

* Retferencee4 are given at the end of the report. •
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2. SMALL ANTENNAS

In virtually all applications involving reception of electromagnetic
waves at frequencies below about I MHz it is impractical and generally

unnecessary to construct antennas of resonant dimensions. The "electric-

ally small" antennas used at these frequencies are generally satisfactory

for reception in spite of their poor efficiency because of the existing

high noise levels. Shelkunoff and Friis [1952) are referenced for a com-
plete discussion of "electrically small" and "electrically short"antennas.

Antennas of resoiainL diiuiicisions couple the propagating wave to the
antenna circuit, allowing power transfer at nearly 100 percent efficiency.

This type of antenna can be characterized by several parameters such as

directivity, capture area, and terminal impedance. Since the terminal

impedance can be made to approach the pure radiation resistance over al-
most arbitrarily large bandwidths, by using structures such as log peri-

odics, antennas of this type can deliver power efficiently to broadband

preamplifiers. Electrically small antennas, on the other hand, couple

either to the electric or to the magnetic components of the field, and

do not depend upon the phase delay attendant with propagating power. SuchIantennas can be characterized by the directivity of a small dipole, and

impedance which is predomninantly reactive, being capacitive for antennas

that are sensitive to electric fields and inductive for antennas sensi-
tive to magnetic fields. In either case, the radiation resistance is

generally so small that it is negligible in comparison with the loss re-
sistance of the antenna and its matching network. Any lossless small I
anitenna, regardless of its type or size, has a capture area A. given by -

P ., 3 0.-
"A• < (2.1)

where P. is the available power at the antenna terminals, vector P is the

power per unit area of the wave, and k is the wave length. P., or more

generally P,--the exchangeable power introduced by Haus and Adler [1959)
-is the maximum power that can be delivered to a conjugate match, assumr-
ing the only resistance in the antenna circuit is the radiation resistance.

3



Thv I rivIuat Ii tN i Eq. (2.1) is due to the fact that the ava i lab Ie power

i S U funC'tinO of the polarization and direction of the wave with respect

Lto thie aitelitina.

In practice, the available power cannot be obtained because tile an-

telina and its matching netwuork are generally lossy, and also because the
hi ggh an tenlia reactance gene ra I I v I tinii ts the bandwidth over which an e ffec -

Stive match can be made with a simple network. For these reasons, the

(apt[ure area is not considered a useful measure of the performance of a

sma I I antenna. A parameter which has been found far more useful is the

"effective volume," S, deftined as the ratio of energy stored in the an-

Ienila reac tance to the eneirgy pe'r unit o uInine in the corresponding field

if the incident wave. Consider, for example, a "plate" antenna such as

that shown in Fig. 2.1(a), %hich consists of two conducting plates of

""dimiesiiiis ai by h, and separated by distance d. An electric field E nor-

maut to the plates will induce an open circuit voltage

S.Ed (2.2)

liv the usual definition, the "efffective length" .is

0 . ." - d .(2.3)

The existence of the tiornmil electric field and its associated displace-

Isent flux D induces a surface charge density

= D L , (2.4)

where - is thle pe rmi ti vi tv of the s urroundding medium. The short circuit

cutrren|t due to thie field will then be

d
Idt JA•;I

j ;tEatb a >> d; b >> d , (2.5)

%here A is tile area of one plate, neglecting fringing, and w is the angular

wave frequency. For convenience, the capital letters used to denote fields,

4
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voltages, anfd currents will be considered rms vautes of single frequency

signals or of noise in a specified bandwidth, and in general will be con-

sidered functiotia of frequency.

The ratio of short circuit current to the rate of change of displace-

ment flux yields ati "effective area"

Is (2.6)
A, "- ab

which in this case is equal to the physical area of a plate, neglecting

fringing. An enact calculation would show that A is somewhat larger

than the physical area of a plate. From Thevenin's theorem

V 0 jwC8  , (2.7)

where C, is the untenna cApacitance. Combining Eqs. (2.2), (2.5), and
~('2.7)

cab (2.8)

d

which agrees with the capacitance calculated by the usual methods.

The peak energy per unit volume in the incident field is

* W 2
f 2

S OIEI (2.9)

while the peak energy stored in the antenna is

2•V- ta i abdIEI (2.10)

The ratio is the "effective volume" S defined above,

S = abd 1,4 , (2.11)

•- L =6



or more generally

S -0 - (2.12)

From the above expressions it can also be seen that

EA
e

(2.13)

Approximate expressions for the effective length, area, and volume for the

types of antennas shown in Fig. 2.1 are listed in Table 2.1 on page H1.

For different forms or better approximations, consult the methods and

formulas given by Shelkunoff and Friis [1952] or Terman [19433.

It is interesting to note that a flush plate antenna such as Fig. 2.1b

will produce virtually no distortion of the fields if the gap between

plate and ground plune is kept sufficiently small, and if its load im-

pedance, general I y the preamp I i fi er input impedance, is essentia l ,ly a

short circuit. Furthermore, the field strength can be accurately cali-

brated, knowing only the, short circuit current and the plate area.

By replacing the electric field and flux with the magnetic field HI

and flux B where

B -•il (2.14)

and /4 equals the permeabi I I of the medium, a similar set of telations

emergesL as shown in Table 2.1. Figure 2.2 illustrates several types of

magnetic antennas for which the effective length, area, and volume have

beuen tabulated. For other shapes or more accurate approximations the

previous references may be consulted. The inductance of a magnetic an-

tenna is giveI by

A.
L°= na• , (2.15)

e

where n is the number of turns on the antenna.

-- -------- ]--
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In an antenna with a core of permeable magneticr material, such as

that shown in Fig. 2.2(c), the effective area and volume will be a func-

tion of kt , the initial permeability of the core material. A good general

approximation results from dividing the limiting effective area and effec-

Live volume shown in Table 2.1 by a factor f, where

I

2 121"
SI + (2.16)

S3a2 In a I1 tu,j
1 6
!

I-



t

In anly case, th(: effect ive volume cannot, exceed

Li in
<< 2•1 2

MIV/

3FL
- X core volume , (2.17)4ju

which implies that the best use of a given amount of core material can be /
obtained by extending the length until this limit is approached.

A real capacitive antenna will have additional capacitance and prob-

ably loss associated with its feed point and transmission lime or match-

ing network, as shown in Fig. 2.3(a), where Ca is the antenna capacitance. -

This can be represented as the equivalent network shown, where .

C1  uC 0 + Cb (2.18) {

(2. 19)

Ca + C6 J,

CA C,

-0 )

(0) CAPACITIVE

RAR n, I RR

(b NDUCTIVE

F16. 2.3 EQUIVALENT CIRCUITS OF ANTENNAS

9--

I t j"'•
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C S

S, Co + C- (2,20)

are the equivalent capacitance, effective length, and effective volume.

Another parameter which will be found useful later is the "intrinsic

bandwidth,"

GbGb •(2.21)

" C1

The available power output from this real antenna is then

2_ E 2F S 1' I(2.22)

P =

A similar equivalence, shown in Fig. 2.3(b), can be established for

inductive antennas which are transformer coupled. Here the antenna in-

ductance is given by La. the antenna resistance R , the transformer pri-

,Mary nductance by L6, the transformer primary resistance RP, and the

transformer secondary resistance by R,. G, is the conductance due to

eddy-current losses. The parameters of the simplified equivalent are in

gene-ral fun|ctions of frequency, but in the high-frequency limit they re-

duct' to

L L JI,>
LI +L wL1 > (2.23)

, a b

it + R
R = R +(2.24)

n]

L6 1.

L+L I >> RL (2.25)
a * b

L S
Sl b )L 1 >> R1  (2.26)

10
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T'he intrinsic bandwidth and available power are given by

R I
W, (2.27)LI

Gj'H 2,X S I
=° 4.(2.28)

Table 2.1

PRIOPERTIES OF SEVERAL 'I1'PES OF SMAILI ANTENNAS

A s CONDITIONS

(Calaciive H 151 1 t 1 f
(a) Plate 4 a), ai, a a> d; b >> d

1771 7 2113
(Q,) Flush plate )b) d >> b >>a

I In(1)a) 417n ( ,a

'12 •13

(c) l)ipole I > a
In( 'a) I 70(1 ,u) - I

I 7,72 71 /L)/I
(d) ,Monopole - I >> a

'2 n la) I I (l /a) " I

(e) Spoeites 7 rad had 2  d t a

2116d~ >>~vd2rbd 2-6d 2 i

if) T db '> d >> a

In(.Zd, qI In(2d/a

Induc tive --

2rb3 76 3-
(a) Loop 67b2 b >> a

In(b 'a) In(b 'a)

(W) Solenoid 1+0.6 Y b62 77b2 (I+0.4h) 1 > 0. 8b

,12 7-1
( ..agnetic.Core I - I. a; -A a 2 I>-1

In(I -T



BLANK PAGE



3. NOISE CHARACTERIZATION

It has been shown, by the IRE Subcommittee 7.9 on Noise (1960], for

example, that any noisy, two-terminal pair network can be represented by

an equivalent but noiseless network with a noise voltage generator and a

noise current generator at its input such as that depicted in Fig. 3.1.

In general, these noise generators will be partly correlated, which we

can represent by letting

Vn = V + Inz, V= + + iX•) (3.1)

where V. and I are uncorrelated, For convenience, all noise sources

used here are defined as rms values per hertz bandwidth. If the amplifier

of Fig. 3.1 has a voltage gain A,

AZ1
you t + N27= [NVI + V + In(Zy + N2  . (3.2)

VWf
I

IZ II
VT Z N AMPLIFIFR VoUT

IDEAL I - -

NOISY AMPLIFIER

0-3303-0

FIG. 3.1 EQUIVALENT CIRCUIT OF A NOISY AMPLIFIER

13
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Then the ratio of available noise pow•er to available signal power at the

OULpuL i s

P V2. + 2,( • -(7 ,2 Z)(Z .+ N2 Z,)*

V2 + J2 [(p + N'19I2 + (X + N2 X ) 2Jai' ni " t" ( 3 . 3 )
N 2 V2

where - indicates time average, and indicates complex conjugate. P /P.

hus a minimum with respect to N when

.N N.....V2. + 1 2 (R2  + X2) V2  + J 2  2
• N' N' (3,.4)

2 0(R2 + X2) 12
n rn I

The source impedance Z. actually presented to the input terminals of the

ampnplifier is then given by

2+ 1
2  2

I ' 1'4 Z 1 n n n -

z~oN2 tNIZ,!2 - = (3.5)

?I n

If f is independent of XV, the minimum possible value of Eq. (3.3) is

found for

V /(VJ2 + R2 ' - jX (3.6)

SIhich is equivalent to providing a conjugate match for Z = Z**. Since

tble signal po%%er avai lable from the source is

p . 1 ,2 14'` ! lR , ( 3 . 7 )

and the available noise power referred to the source is

P,Pn =- , •1 (3.8)

5 14



the "noise temperature" of the amplifier can be defined by

1, + J1Z + Z 12

KT,, P ., (3,9)
4R,

where K - 1.38 X 10-23 J/ 0 K, Boltzmann's constant. The minimum possible

value of amplifier noise temperature is then

12B (+V2  + I )' .

T2K (3.10)

obtained when the source impedance has the value given by Eq. (3.6).

It is sometimes more convenient to express a noisy network in terms

of admittances rather than impedances. The network could then be char-

acterized by

U 1 fV y I + V (G7 + jBY) (3.11)

T.+ T2 + 1 2

T (3.12)
4KG

V2 G + (12V2 + V4Ry)"1)
STno -2K (3. 13)

Y( W/.0 + G2) - jBT (3.14)

and transformations between the two descriptions can be made by

=Y l/ZY (3.1S)

1 2 ,2 jZ 12  (3.16)

Sv•.*T2• + T2. iz 12. (3,17)

I ".//I YI (3.18)

2 12 + V2 Iy 12 .(3.19)

N U F~ V'-



For the purposes of improving stabi lityv controlling frequency

response, and simpli fying ali gnment it is frequently desirable to in-

corporate negative feedback in low-noise preamplifiers. This will usually
result in reduced available gain i; because for an amplifier with voltage
gain A, feedback factor /3, and output impedance Z7t R. JXouto

A
A' 4 (3.20): ~1 - A

? ! and

aZnd 1 (3.21)

are the gain and output impedance with feedback, as shown, for example,

by Bode [19451. The avaoilable gain is then

V2  
AR

G, = -. (3.22)
7ý-...... 

V!R . t RD U

which is reduced by negative feedback (real part of A0 < 0). Conversely,

G. may be increased by positive feedback at the expense of bandwidth and

stability, but this is sometimes desirable if the second stage is noisy

and the first stage gain is low.

Feedback can also be used to change the amplifier input impedance

Zinto ZV., which may be arbitrarily chosen from a wide range of values.

The effect of this on noise characterization can be seen by referring to

Fig. 3.2(a), an equivalent circuit of a noisy amplifier with both voltage

and current feedback, represented by the Y-matrix networks Y,, and Y',,

respectively. The effect of these feedback networks on gain, terminal

impedances, and noise can be readily determined by transforming this net-

work into the equivalent shown in Fig. 3,3(b), where

121" I (K I t22' (3.23)

1a nid an I t + (4KT G,) (3.24)

S vl21out 22

where Y'I2' YI2 are the transfer admittances and G, 22' G22 the real

parts of the self admittances at terminal 2 of the networks Y ,Y.

rty is the temperature of the lossy elements in the net-

works. It is immediately apparent that the noise voltage and current

16



VOU

NOISY AMPLIFrIER

IVII
I NOISY AMLIFIER

(b)

FIG. 3.2 NOISY AMPLIFIER WITH FEEDBACK

I generators V' and 1., which characterize the amplifier, assuming

V n V + I nZ can be replaced by new generators defined by

V 1  
= ' +j ~(3.25)

17



Y 2Y v2 2

'2 KT G, 22 (3:.27)

The equi,-alent feedback generators then become

',il2 1'ot (3.28)

L:. (3.29)I,~~ '•2 "..1

and the resulting network can be analyzed by the usual feedback ampl i fier

methods, with the result that the available gain, but. not the equivalent

noise generators, may be further modified by the feedback. The total

effect is therefore that of adding to the source the physical elements

introduced by the feedback networks (which will modify the amplifier gain

because of source transformation, and may increase the apparent amplifier
noise) and modifying the avai lable gain by feedback.

Having included the above feedback effects in the amplifier noise

characterization, the performance of a complete system can be calculated

by including the thermal noise due to the real part. P. of the source im-

pedance Z , still referring to Fig. 3.2. Assuming that the source net-

work is at the teemperature T,. this noise appears as a voltage V, in series

with Z,, and is given by

V - 4Ur,.R, (3.30)

The output noise-to-signal ratio is then

Pn U n 7 - 42T,II
(3.31)

P, V2

By an approach similar Lu Eqs. (3.3) to (3.9), the system noise temperature

can be defined as

P P t,2 + I2 Z + Z' 2 + 4KT,I T(
T:P --" = r • • (3.32)

KP, 4K1

T: 18



and the signal-to-noise (per unit bandwidth) ratio is

P 0
* a

4KT ,R S (3.33)

If noisy amplifiers A 1 , A 2 , A 3 ' with respective available power gains

(in the system) GP, Ga2 0 Ga 3 .3 . and respective noise temperatures (in

the system) Tn,, T. 2 , T 3 ' .'.' are cascaded, the resultant noise-to-signal

ratio is

P~ K(T, + T, )G G02 G . + KT• 2GG2 GG3 ... + KT, 3 G, 3  +
P1 P2G3iGa 2G23 0..

(3.34)

and the system noise temperature becomes

T4Tn2 Tn 3
G.iaTT +T, 2+- T .. (3.3.5)

tiii imizing this T, is equivalent to placing t available amplifiers in

the order of increasing "noise measure" M [Ilau.ý aid Adler, 1.959] with

- F_ -1 T (3.36)

1, f
G G

f or the ith amplifier, where F,' 1 + (T.i/TO) is the familiar "noise figure,"

T. is a reference temperature (usually 293'K), and G., is the available

power gain.

If the output of the noisy amplifier is subsequently filtered by a

network with transfer function J(,). the signal-to-noise ratio at the

output will be
SP, (CO, 277P,, (w1)J(W )J*(Wl)

(3.37)
Pn , K fJ T, T()J(WP)J'(o)dca

0

where the signal is at angular frequency aq, and P., is the total rms

noise.

19
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4. NOISE IN AMPLIFYING DEVICES

In this section the noise characterization, as developed in Sec. 3,

will be derived for three types of amplifiers: bipolar junction tran-

sistors, junction-gate unipolar field-effect transistors, and a double-

sideband semiconductor diode parametric amplifier. Other devices

available at this time do not appear to offer significant sensitivity

advantage over the above three. For instance, metal-oxide semiconductor

(NIOS) or "insulated gate" field-effect transistors behave very much like

junction-gate transistors except for three significant points: First,

the equivalent noise voltage is considerably larger than in a junction-

gate device of similar input capacity. Second, the equivalent noise

current at low frequencies is very much lower than in a junction-gate

device, and is proportional to frequency rather than flat, as shown by

Jordan and Jordan [1965]. Third, flicker noise (also discussed by Jordan

and Jordan) is a predominant effect to much higher frequencies

(10-100 kliz) than in junction-gate devices, where it is usually important

only below 1 to 10 kliz. In all three respects, the NiOS transistor is re-

markably similar to a vacuum tube, and in both cases the disadvantages

of the first and last points outweigh the advantage of the second point

for virtually all practical applications, since the extremely high source

resistance required cannot be obtained. Therefore, they will not be con-

sidered further at this time.

In the development of noise performance which follows, flicker noise

will be ignored since it is very strongly dependent on the particular de-

vice involved. Suffice to say that parametric amplifiers are by far the

best in this respect; flicker noise being unobservable in one case

[IBiard, 1963] at frequencies down to 1 lz. Bip3lar junction transistors

are intermediate, with flicker noise cutoffs generally in the range of

100 to 1000 llz.

One type of amplifier that is extremely promising has not been con-
sidered here because it has not yet been thoroughly investigated. This
is a double-sideband inductive parametric amplifier, which should be

ideally suited for use with inductive antennas. Once its noise sources

21
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a re understood, i t shoulId be easy t o anal y ze such a dev ice as t lit dual

of the capacitive amplifier considered here, Wh hile ordinary s.1.uratingA ferrite elements could be used as the time-varying inductance in a para-

metric amplifier, these devices are known to be noisy. However, the work

of Deaver and Goree [1965) has led to a superconiduct~ing magnetic modulator

which is capable of the necessary switching spet.d and should prove to have

extremely low noise.

4.1 BIPOLAR JUNCTION TRANSISTORS

The physical sources of noise in junction transistors are thoroughly

discussed by van der Ziel [1958], and his results will be adopted without

further discussion. Referring to the equivalent circuit of Fig. 4.1, the

signal source is a voltage V, and impedance Z, R,5 + jX,. all functions otf

angular frequency u. Except for notation, the internal noise sources VF,

.1 and I2 are those of van der Ziel's model. as are the base spreading

resistance rW,. the emitter .junction admittance Y, Ge + jB,, and the

collector junction admittance } Assuming the transistor is used in thke

comimuon-emitter connection, which usually has the lowesL noise measure

because of its high available gain, and letting " = 0 since we are not

, interested in extremely high frequencies, the short circuit collector out-

put. current is found to bt!
+ Vb) +>: a[1(7. + r,,,) + + (.+

+ rb 6 ,)(l - ) (4.1)

Z 1AS Vb + r bb'CO L T R

v11,• Y , t , YC

WMITTER

FIG. 4.1 NOISY JUNCTION TRANSISTOR

22
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where a is the collector-to-emitter forward current transfer function

and Z,. 1/Y,. Letting I, * 0, the value of V, can be found which would

exactly cancel the internal noise sources

12(Z. + rb, + Z.)
-V0(I, 0) V- + =I ZS C Vb +lI(Z, + rb,)+

(4.2)

and VA and 1. are the desired equivalent noise sources referred to the

input, as in Sec. 3. Collecting coefficients of Z,

rb, + Z•

Vn r Vb + [1 rbb + 1 (4.3)

12 (4.4)

But the noise sources, as derived by van der Ziel, are

V2  4KTr, (4.5)
b bb'

= 4KTG - 2qI, (4.6)

I•= 2 (4.7)

lr2
2 2qIý 47

=*12 2KTYCO (4.8)

where K is Boltzmann's constant, T is the transistor temperature, q is

the chdrge of an electron, I, is the dc emitter current, I is the dc:

collector current, and Y,, is the collector-to-emitter transadmittance.

Adopting the approximations of Nielson [1957], which have been shown to

be valid for frequencies well below the a cutoff frequency f=, results in

I K7'
r T. T.. (4.9)

1' =- (4.10)rI
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" 2A'T (411)
rt

- KT
(2 = -, (4.13)

wherC r, is the emitter junction resistance, 13 is the coponent of2
that is uncorrelated with IP , and U is the dc a. Letting VU = + I

and approximating a with

50S= (4.14)

1 + j

where Q.a = f/fL, the noise characterization is

2 2KT(] -0 +o )
- ___ _1____ _- (4.15)

V2  2KT(r, + 2r, ,) (4.16)

Z = Rv) = r + r (4.17)

Whlich= result in

7'~~~ ~ + 1 • •)(,• r, + r,,')2 X]}

n r , ÷ r ,rR( + Q22)r

(4.18)

r,(r, + ')r bb,)(l + .2
z oo ý j I~ N , r e b• 6b , ( 4 . 1 9 )

L 0 o+C2

Ty~pical values of these parameters for germanium and silicon transistors

selected for lowv noise at low frequencies are given in Table 4.1.
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4.2 FIELD-EFFECT TRANSISTORS

The noise model of a field-effect transistor developed by van der Ziel

[19621, and supported by the measurements of Bruncke f1963), leads to an
equivalent circuit similar to Fig. 4.2. In this circuit, the signal source
is a current I1 and admittance Y. connected between the transistor source

t c

GATE S VCDRAIN

IA 9eI M (Ve- V¢) 14
YA A-

SOURCE 0-330-If

FIG. 4.2 NOISY FIELD-EFFECT TRANSISTOR

and gate. C2 is the capacitance between the gate and the active channel
of the device, and C1 is the rest of the input capacitance, including
strays. The resistance r is the ohmic resistance between the source
terminal and the channel, which is the node labeled V,; and g.0 is the

actual transconductance referred to the voltage between gate and channel.

1 1,, and IJ are noise currents evaluated below. Proceeding as in
Sec. 4.1, the short-circuit drain current is zero if

-IaIs (1 + Y~r, + josClr.) + Irs(Y + jWC 1 )

"- - (y + j-wC)(l + jC 2 r,) + jwC 2] (4.20)

Collecting coefficients of Ye and reversing all signs, which is equivalent
to reversing the phases of the noise generators,

S1 ÷ jaC~r,

V,- Ir + 1,r, I g (4.21)
g3
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1A)C1  or, - 1(((: +
+' I (1 ± jlc ,r.) + I, I r + Ic "

1 (4. 22)

Letting .1, + Y Y+ n we find that an array of admittances is necessary

to specify Y., since the noise currents have different coefficient ratios.

Labeling Y,' components with the subscripts of the corresponding noise

currents,

SI = 0 (4.23)

/,Yv = ++JWG (4.24)

Y' "(4.25)

jw(CI + C2 ) -w 2 C2Cr

yc 1 (4.26)
,! } lrI + jxC2r,

The noise current magnitudes are given by

2"- 2ql (4.27)

-2 4(4.28)
r$

12 4KTQg. (4.29)

where 160 is the sum of the magnitudes of all electron and hole currents

to and from the gate. 1.0 approaches the gate cutoff current for reverse

bias. Q is the sp.ace-charge smoothing factor, generally lying between 0.6

aMd 0.07. In any practical device, 12 >> 12, and the I1 term can be
dropped from Eq. (4.21). For the low-frequency case, wc1 r. << 1, and

<< 1, and

*' ~r$ -~ •(4.30)
g.
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2 4KT r + Q ,, KT 4r + (4.31)n S g. g

T2 = 2q18 o (4.32)
U 8

YY, - jtLC 1  (4.33)

Y7, =J(Cl + C2) (4.34)

Since C2 is generally less than half as large as C,, particularly if C1
includes externalistrays,

YV. j C( (4,35)

and

2q1 + KT (4r + L-) [G2 + (B, + X.)2]2glo gTrs+•

Tg,! (4.36)T

F" 2qlgo 1

Y'e = S~r (4.37)

Typical values of noise parameters are given in Table 4.1. It must

be remembered, however, that the low noise temperature indicated cannot be
realized at frequencies below I to 10 k|z',beceiAse of flicker noise, which

generally raises not only the minimum noise temperature T'r but also Ro.

S~4.3 A PARAMETRIC AMPLIFIER

Realization of power gain by the usc of a periodically taike-varying
reactance, generally called "parametric amplification," I's a well-known

technique at UHF and microwave frequencies. This subject hos been well

developed (see, for example, Blackwell and Kotzebue [1961) mainly because
of the extremely good noise performance obtainable. Some of the same

techniques could be applied at low frequencies, but they would be limited

to fixed-tuned narrowband systems. As will be seen in Sec.5, there is
very little to be gained over a simple junction transistor in this case.
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sens it. i v t)~ can, howe% er, be si gni f i canit I V i mproved by lowerinlg t hie 1111pi i -

fi er noi se temperatture in a "'broadband'' appi icat ion; that i s, one i n whi cli

sr'nsi ti vi tv i s important in a bandwidth very much wi-der than t he i intri nsic

bandwidth" ofI theL anftenna system Q.~ as def ined i n~ See. 2.

One typ6' cof pa ramet ri c ampIi f ier capable o f t h is' wi deband operat ion i s

tile double -si'deband capacitive converter using secmi conducto r diodes, suchl
a that. described by 13i ard [1963J , This device call be analyzed by cont-

s sid e ri lg th'jel e~ijkui v alIen t re rui t o f Fi g. 4.3. Dii this circuit thle signal

sou~rce i~s Olle cur ,rent 14~, at, angular irequerib!y w1 , anld the admi ttance Ya
where Yis a'ssurfed 'to include elements which'provide. a short circuit inl

thleý vi c"Iity\ of the pump f iequency' a~s described be low. The nonli near
(2 piC t o rs be ring ''pumped" at' f requleN C~', -4 r represented by thle admi t tance

Matr a sj ~ X des'critbed'by, [ BIackw~e I Iard Ko tz ebu e. Y b= Gb + A~b is thle

j adni t nc"at tile, output ternnl,~ftecnetr and tile output voltage

V 1 b con s ixti ts ofU the ltwo, sidebgn(Id V Ki41(11 at Lfrequenci es "'o2 = (13 -(4
fill "rspt-'tiely n Ový,rtin, Vis coherently detected

wi th, respect. to a, pin siga of the appropri ate phase, or- envelope detectLed

Vi .h a sape r. njimpsed 'carli ei r to recoveCr the' amp if iiied origi nat Isi gnal I Th e

1, 0 noie ISO 111 es arie I' "%whi cl i ac~u~de ýthe diode shot ntoi se and thermal resi st-
11 Ce noi SI o0 thle Seriýes 01o1) J n C oiorof ,iiodes, transformers and inductors;

andI b' ýthe addi tibnal no~se a d dtd la bVy', thle load admijttance. Since we
lka~v vshiowil 'in 'Se 3 thaK, r input ~noise current of an amplifier, does not
w' VW hty t 0ý', t~ relted, to p! iut ipedunce,' ard Gcan be provided by feed-

back' from a f s) owing amp Ii iYeir, we will not assume that I i s tile thlermalI

C 0 Dd it. t an Io hi S e of GE, as BHi a rd has done.

0-3363-5

FIG. 4.3 NOISY DOUBLE-SIDEBAND PARAMETRIC AMPLIFIER
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Denoting the current or voltage at frequency w, as 1, or V,, and

expressing the time-varying capacitance as

C) - C[1[ + 2,1 cos W3t + 272 cos 2w t) , (4.38)

the current through the element labeled tY.) is related to the voltage

across it by

[']()O2 -02 Y1  _w2V 2
S jC0  71  WW V (4.39)

Subscripting components of the voltages and currenLa of Fig. 4.3 ac-

cording to frequency and letting Y, be infiniteatw2 andw 4 (Va 2  V,4 uO),

and letting Y6 be infinite at wl(V 6 1 % 0), we can write three independent

equations for the sums of current components at nodes A and B;

0 Il - - V, (Y, + jwICo) + j.I C0o'y1V 2 + j"IwCO /I Vb 4  (4.40)

0= + I06 - y-I: 2  + j_ 2 Co(V22 V6 l 7 2 V6 4 ) (4.41)

o 1 64 + I-4 Y6V6 4  jw 4 C0 (y 2 V 2 - 1V,1 + V6 4 ) (4.42)

For pump-frequency resonance at node B, letting

Yb Gb + jCL (4.43)

results in

u2LCo - 1 (4.44)

P2 4
1'6 (W2 ) = 6 j 0 (4.45)

do

Yb(w) • 6- j (4.46)
so
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whei re

p 0  3 C. O

do V (,),('o

S€o . C.Ico

and Eqs. (4.40) through (4.42) can be written in matrix forim

LI .I + o +n -i (4j47)

Li:] L-d C + ja
0 o -jd, (4 4bJ

14 -j

* 12 [b2 v2

1 ~+1

-O I C6 a l  I (110; ' I2

dt - t2 0"v d2 • '. K1Co'2

i '•"4 -'0 o ) 2 '1 0), /"o 2

a 0 2  ad

a a0 ,0
a0 4  a

So I i lig for v .V and Vb'

1) 12 [ I d da 04 d+ - V'1.2 " jd 1(;] 1{(Y1 " ja )(G + ja 4 ) a

"+ 1 7ad - aod + id2Y.1 (4.48)
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V6 4D 1 1 [d2s 2 - a + js G6 ] + I"a a 1 " -s 2y"]

' 4 Y. + jo)(G 6 + ja 0 2 ) aIdi] (4.49)

and

D = (¥. + ja 0 ) (G6 +ja 0 2 )(Gb + ja 0 4 ) d2 s 2 ]

+ aIS1 (G6 + ja 0 2 + jd 2 ) -adI(G, + jao4 js . (4.50)

The process of optimum detection amounts to multiplying V, by a pump-

frequency carrier at one of the two phases which result in the signal

components of V6 2 and V6 4 appearing in phase, followed by low-pass

filtering. This is equivalent, in our notation, to cross-multiplying
Eqs. (4.48) and (4.49) by unit phasors, each having the phase angle of r

the I coefficient of the opposite equation, and adding. Performing this
operation and letting w4 - - 0 = (•)3 - W2 since »,> w> , we can set

the detected voltage to zero and solve for II:

2Gr(janp, - joP Y .1

0P2 P2a
2p 1 12 - a + -

+ )2p + G 2
12 6

+ (4.,51)
2 + G2  2~~ 2

L ~2

where

P2= ")3 C 0 y'2

If the noise current I. consists of a true current IV across [Y.] and a
current equivalent due to the effect of an uncorrelated noise voltage V

in series with [Y.], the wI component of I is

1l~ 4 I• ý %(Y. + jaO) (4.52) I

which results in an equivalent source noise current and voltage

,ao( 2 + p2)I2  + 2jG (a~p, a0p2) - _2.I V !+ja oVy+1 2 - 1 A

I~~~ ~ p2 L4 p(~+p
2p 1(06 22p G + p2))

(4.53)
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2 hP 2 b
I+= I" -Ip ] 14 K ' (4.54)(r 4 2 b 2-.L, I ., +

Lumping all resistive noise sources in [y 1 and 'b into Ib, including

the high, frequency components of I',

A 12 12 -- + 1 2(4.55)

and lettiing

•':•.•I.2 +T 12: 1 ( .

V2 = 
hI

"= -- a (4.56)

U • V2Ji (4.57)

SY..• -- l Y," (4.58)

Y rne e only arbitrary

done only by letting G2 become

infinite. ssittathnoecurrent IV is due to the diode cutoff

currnt e•:thenoie vltae | isdue to resistance BR as discussed

pcompoulIC-', and Vh applise tourren I component. Obseurvints dferomth

miiieLereal par o~u tac o|rflte Eq. (4.9) -SnceGi the un onrlyareditrary

1 from the following amplifier, the noise characterization becomes

4KT+G1 + 12 + 2Hj
a 4KTR -(4.61)S_2p 2 2,',2.2
1 ':2fo3• 0 1
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J2 2 2ql (4.62)

Y * - jWGo . (4.63)

Table 4.1 includes predicted values of noise parameters calculated from

the assur.ptions above for typical values of component characteristics,

although this performance has not been completely experimentally verified.

It should be pointed out here that the choice of making G6 infinite, while

it minimizes noise temperature, may net always minimize noise measure,

because available gain is reduced. At the same time, this choice maxi-

mizes amplifier bandwidth and stability, and may be used for these

reasons. Although the performance of this type of amplifier appears

very similar to that of a field-effect tiansistor, the obvious advantages

of the parametric amplifier are in the designter's ability to choose diodes

from a wide range of capacities to make Y match a given source, and ýhe

virtual absence of flicker noise obtainable.

4-
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Table 4.1

"nTPICAl. NOISE CHARACTERISTICS OF A-IPIIFIIRS
PARAMTERS II: "SLICON GE M•AN I LIM ... ..FET PARAMIP UINIT

PAHA~WTEHS TRANSISTOR TRANSISTOR F. AAP UI

2, r 3 x 10-17 6 x I1- 18  (10" 16 ) (1101 9 )
liz

a2. I .7 10(

: 7 x 1:-2) 4 x 1 " (10-2 ( '-

5. I1 (G) 1 20K I K (t10), 10 0

0I 62 x 1l( 3 x 104  !.5 x 105 Iz

Exp1anat ions:

1-5: Parentheses iudicate aduiitiatnue characterttation.

4-5: Thle uptimum source is Z It

or
) =(; -Gi.

h): 1ev ie noise temperature T when 7 =In
"7: Intrinsic bandwidth Or - ' r -
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5. RECEIVING SYSTEM SENSITIVITY

In the previous sections, the characteristics of the essential parts

of a sensitive VLF receiving system, namely the antenna and the preampli-

fier, have been investigated. It remains to put them together to see

what can be said about the capabilities of a complete system. The critical

problem is, of course, that of transforming the inherently reactive source

as nearly as possible into the optimum for a particular amplifier. This

is called "noise matching" and has been shown in Sec. 3 to be equivalent

to inserting a lossless network between source and preamplifier which would

transform the source to conjugate-match the impedance

Z = j*
n S 0

-R . jX o

R jX (5.1)

This problem can be split into two parts, each of which is an example
of the problem of matching a complex source impedance to a resistive load

for maximum power transfer over the widest possible frequency range. A

special case, that of a parallel conductance, capacitance, and current

for the source, was first treated by Bode (1945]; the general solution
was demonstrated by Fano (1950)"

Following Fano's approach, we can represent our problem as in

Fig. 5.1(a) by two sets of lossless networks, (NIN 2 ) and (N3N 4 ), terminated

at each end by unit resistance. If the antenna terminal impedance is Z,

let VI be a network such that the impedance Z2 looking into N1 is

Z2 -Z R. + jX0 . (5.2)
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II
(a)

Z Z N 2 Z3 Z N4Zl

NZ 5  N3 ZI Z? N4  I

pI p~ pp,

(b)

FIG. 5.1 NETWORKS FOR MATCHING ARBITRARY TERMINATION IMPEDANCES

It' t-he imapvedataev looking into N, froma the sanme oin1t, LS Z as showil,

thel( corrvspotadia tg refIlectiaon cueffIicivints art-

z 2--

z +ZS 2

•~~ z NZ (5.4)= 3 •Z7N

I i~t wich t i cler tat ~2 P1 .In fact,, the tmagnaitudes of all

re flectiona coef Cficijents in a chaain of loss less networks must be~ equal.

I

:p IIa thaccfe t iot~eancue looii ci cto :' trom unthres stam onte a•Zs shown

In d- < (553)
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where

I

f2 "(normalized)

L • (5.6)

in the general case if the first element at terminal I of N1 is a series
inductor L, for the normalized termination or L. if the termination is

ft. Similarly, if the first element is a shunt capacitance C1 (normalized)

C1

G
-- • (5.7)

C.

in the general case. The intrinsic bandwidth 11 is thus the same param-
aaeter called £• for the antennas described in Sec. 2. Mc. lt other cases

of interest can be converted to one of the above by the general lowpass-

to-bandpass transformation. Obviously, if 0 is finite, P 4 must approach

unity except in some finite bandwidth & called the passband.€

Having determined a bound on bandwidth as a function of reflection

coefficient, we next investigate the relation between sensitivity and

reflection coefficient. If N4 of Fig. 5.1(a) is a lossless network such
• th~at

Z = Z+ (5.8)

where Z is the "noise load" of Eq. (5.1), and Z6 6 + jX,, we find

Z -Z

,Z Z 6 (5.9)

Solving for Z 6 ,

Z6 + X ly(5.10)
26 I -+p7  X(~o
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and from Eq. (3. 9), 13.7 2

V2 +ji R

R~ = * A~ (5.11)

1• (i - R,-•

RU0  (5. 13)

%here He tenotes bit oo alebia "oe fo)d ,eat

V " 2

] ~~~ to• i.tie c'ase fo•r 11 =~ 0, when

: * .1

T = . (5.14)

Su.id the uetwork of Fig. 5.1(b), which consists of the same net-

S..... ....... orks as in (a ), except that the inner termi nations have been removed
and "lrinals , f2R have been joined to Terminals 5 of N2. Since the

networks .setn looking into Terminals 2, 4. 6, and 7 ore unchanged, the

co|rrespon~diuug impedances are unchanged. In general, however, the
l'"'/aining impedances and all reflection coefficients, shown primed, will

b* different. r 'e will denote by 1p, I the magnitude of all asince they

tu (.t be tiqualt . s i t'we

z4 - 1

= - (5. 16)
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Z 5 -4*
t~ Z5 + (5 .1.7T

we can solve for a bound on p, as a function of ,4 and p5,

Ip,1 + IPSI
Ip.I = Ip < " (5.18)'P. P' -: + IP41tlPSl'

Since Network N3 is realizable if

In da: 7< f2p (5.19)

where Q p is the intrinsic' bandwidth of the pr eamplifier "noise load,"

som? typical values of which are shbwn in Table 4.1, we can now calculate

the upper bound on theoretical system n;Oise temperature as a function of

operating bandwidth w , antenna intrinsic bandwidth 0.a, and preamplifier

noise parameters , and Z. (or-thei•r duals). First, define

p". Max 'pj (5.20)

p - Max 1psI (5.21)

where p 4 and p5 are desired functions of w which meet the conditions of

Eqs. (5.5) and (5.19), respecLively. Combining Eqs. (3.32), (5.13),

(5.18), (5.20) and (5.21), the systera noise temperature T. is bounded by

,11R (v212+24% 1+p) + 2) 4o p~]p +o

2- ' ••2(1 - p:)(I-p) (-p,(1- . ,)

(5.22)

where To T, + T,0 is the minimum possible system noise temperature,

* P./P., and N is an auxiliary noise parameter defined as

N'. (V21! + R214)% (5.23)

or its dual.
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Assuming that a should be a constant to make optimum use of the

restraints on p. and p. it can be evaluated by considering the came of'

4 holding p. and p constant at their optimum values over bandwidth w.

from wi1 to (02  and letting them equal unity outside the band. Then

J In d -w dIn W (5.24)5 •J, P. P.

and

1 "'211Sa)n-d In - 7TO (5.25)I; , p c p P

Combining,

- :::: Pe Ptf,

- p exp (5.26)

is the optimum value.

To attack the inverse problem of determining the bandwidth within

"which a specified maximum noise temperature function T,,(wo) can be main-

tained, we solve Eq. (5.22) for p0

1 + 02 + ( ) + 0,)20 ++ a + (1 + a)2]]2 -40,2

2o,2 (5.27)

where

w
-, - 131W) "- W (5.28)S[(KT 5 (w) - TO]

Evaluating (5.27) for o* - 0(f) -Q. >> w,

I

p!( . 0) = - (5.29)" 1I + 13

and for l(fl7 •fld)

=p(L- 1 + 2(/3- ('2 + 43)] (5.30)

40
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Example 1: a, * 0, T51 constant fromw tow + Co.

I In In (1 + 3) (5.31)j In -- dw -In(1 + )d 2

and

p. 21p 277,o

wc<-..-+ ~B+( (5.32)
In (I + J) n A_

K (T# To

or

T > +--p T T (5.33)

The coefficient 71 is shown in Fig. 5.2 as a function of felp. for several

values of (2KT 0/W) from 1, the lowest value it can have (T. 0 . Co); to 50,

corresponding to TFo n 6'K for room temperature operation. The bandwidth

advantage of low noise temperature is apparent. .1

25 4
20- 100

5 .. ..==15- 2K

I .

1_.10

01 O 5 1 O2 50 100 200 5Wlow 00

FIG. 5.2 SENSITIVITY LOSS vs. BANDWIDTH FOR -FLAT REFLECTION
COEFFICIENT
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Elxample "1: 0 0, = TO (cG-'", O) for > "j.

ht' objt 'ct of' this examp I e is to dete 'rliniit( whelther an in f'i ti te balndwidth

is available' above a given minimum frequency by allowing the svstem noise

te-mperaature to rise I ineitr I wi th frequency (3 db per octa%,e For this

1O 0 (5. 34)

al I|1

it +
HI - &V( • ;)< 1¼ + %I,~i ±

0 T/ "70 0 (5.35)

For the I t(' tchi ng network to be lea Iizablt', 11 must be less Lhan 2rr .A ,

whit it. is for certain values of' ,1, and W!KT 0 . In fact, it is real-

FI. l oor ' " o I., or T, (, 1 ) T 0 , for 12 <_. X( I'/KTo). While the

Imigi t iton A has lnot been ithItivitiited ini gene!'aI, it is about 17.2 for

-'lKTo :4 1 3, a reasonable value For Lruansistors. Furthermore, T7(.( 1 )/T 0

ses so slowly for w > X tlhat it can generally be ignored, For

SItstaitce, for' II 'KTo = 1/3, T (Col - I.O )/To 1.25, or I db.

No%% let us consider what. these limits of noise temperature mean in

tttms of limiting the sensitivitv of a receiving system using a small

antenna, such as those described in Sec. 2. lIefining E0  a.- the (rms)

e iet-(ric field incident on a capacitive antenna which producea an output

atlllp litude equal to the svstem noise in a 1-liz bandwidth, we can set

"P in Eq. (3.33), and find

v2
.40

P = - = KT (5.36)

Substi LUt Itg iltLo Eq. t2.22,2

i:2 IAKT,
0• a_ 2 (5 .3 7 )
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Similarly for inductive antennas,

H = -- (5.38)

As a practical example, the threshold field strength E 0 for a 0, T,8

constant ii bandwidth is given by

40 W

4n KT0

and, in general, £2W =) E 2 ,.. 0

0 0

where 7 is defined in Eq. (5.33) and shown in Fig. 5.2. Several examples

of theoretical threshold field strength, normalized to -l-iz noise band-

width and I m3 effective volume, are illustrated in Fig. 5.3 as a function

of frequency. These plots apply either to electric fields in free-space

permittivity or to magnetic fields in free-space permeability, for noise

parameters typical of a transistor preamplifier operating at room tempera-

ture. Except for the lines labeled E 0 0 , which are the limiting values

for small bandwidth, each line represents an example of the lower limit

of broadband seasitivity when the passband is bounded by the vertical

arrows. Arrows on the sloping lines indicate infinite extensions.

All light lines are for an intrinsic antenna bandwidth of 10 Hz, I
while heavy lines are for I kOlz. The dotted line is the locus of E00

for a typical antenna system with 10-Hiz intrinsic (low-frequency) band-

width but maximum Q of 500 at 10 kHz. The examples parallel to E00 are

for constant T and clearly show the effect of passband by their dis-

placement from E0 0 1 Among the l-kfiz intrinsic bandwidth curves, the one

for the 0-to-10-ktlz passband is about 2 db above F 0 0 ; for 10-to-30 kHz,

3 db; and for 0-to-100 kHz, 8 db. The 0-to-10 kHz passband with 10 H&
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intrinsic bandwidth is 17 db above its E 0 0 , or only 5 db below the same

passband with l-kHz intrinsic bandwidth. The lines of less slope repre-

sent possible sensitivity limits of the type in Example 2 above, where

noise temperature is linear with frequency above a lower cutoff, shown

by the vertical arrow. Although theoretically infinite, the pasabands

will be limited in practical cases by circuit Q.
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6. SUMMARY AND CONCLUSIONS

The basic difficulty in optimizing the noise performance of receiving

systems which must use an electrically small antenna is the lack of a com-

plete noise theory for a reactive source. This report has attempted to

add to this theory in three areas:
T-

First, the various types of small antennas havebeen put ona common basis

of comparison. The parameters of effective length, effective area, effective

volume, and intrinsic bandwidth have been defined for antennas sensitive to

electrical fields and for those sensitive to magnetic fields. These param-

eters have been evaluated for a number of common antenna structures.

Second, a general method of describing the noise performance of any

amplifier has been developed in both of its dual forms. This particular

characterization, based on complex-correlated input noise voltage and

current generators, was chosen out of many possibilities because it is

easily applied to the problem of determining noise performance with on

arbitrary source. These noise parameters have been evaluated for several

types of amplifying devices.

Third, the ultimate theoretical limits on sensitivity have been ex-

plored, and a general method of determining the bounds, in terms of the

parameters introduced in the previous sections, has been developed. These

bounds have been evaluated in several examples.

While theoretical limits of sensitivity have been determined in this

work, it has been assumed that an infinite number of lossless elements may
be used in the matching network. In a practical application, an approxi-

mation to the desired reflection coefficient function must be found which

will result in a physically practical network, a subject beyond the scope

of this work except for-a few general comments. For passbands that are

not much wider than the intrinsic bandwidth of the antenna, very simple

coupling networks, such as a single tuning element, will provide near-

ideal performance. It is also apparent that as preamplifier noise tamper-

ature is lowered, the bandwidth avialable at a given sensitivity is,

increased or the number of elements necessary in the coupling onetwork is
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fields. Relating electric to magnetic fields, or to propagating power
density, requires independent %nowledge of the propagation constants.
Also, the proper value of 6 or ,i must be used in sensitivity calculations.

This is particularly difficult for a capacitive antenna in a plasma, where
I e is comp'ex and variable. In addition, the existence of an ion sheath

may alter Lhe apparent c and the actual sensitivity considerably.
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